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ON STAR CHROMATIC NUMBER OF PRISM GRAPH FAMILIES

VERNOLD VIVIN J.1, KOWSALYA V.2, VIMAL KUMAR S.3, §

Abstract. In this paper, we find the star chromatic number χs for the central graph
of prism graph C(Yn), line graph of prism graph L(Yn), middle graph of prism graph
M(Yn) and the total graph of prism graph T (Yn) for all n ≥ 3.
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1. Introduction

The star coloring in graphs is a part of graph coloring which has many applications.
Its application includes computing Jacobian or Hessian matrix and many other. A star
coloring [1, 3, 6] of a graph G is a proper vertex coloring in which every path on four
vertices uses at least three distinct colors. Equivalently, in a star coloring, the induced
subgraphs formed by the vertices of any two colors have connected components that are
star graphs.

The notion of star chromatic number was introduced by Branko Grünbaum in 1973. The
star chromatic number χs (G) of G is the minimum number of colors needed to star color G.
Guillaume Fertin et al.[6] proved the exact value of the star chromatic number of different
families of graphs such as trees, cycles, complete bipartite graphs, outerplanar graphs
and 2-dimensional grids. They also investigated and gave bounds for the star chromatic
number of other families of graphs, such as planar graphs, hypercubes, d-dimensional grids
(d ≥ 3), d-dimensional tori (d ≥ 2), graphs with bounded treewidth and cubic graphs.

Albertson et al.[1] showed that it is NP-complete to determine whether χs (G) ≤ 3,
when G is a graph that is both planar and bipartite. The problem of finding star colorings
is NP-hard and remain so even for bipartite graphs [7, 8].
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2. Preliminaries

The prism graph is a graph corresponding to the skeleton of an n-prism, they are both
planar and polyhedral. An n-prism graph has 2n vertices and 3n edges, and is equivalent
to the generalized Petersen graph Pn,1. The vertex set of Yn the prism graph having 2n
vertices and 3n edges is defined as V (Yn) = {u1, u2, . . . , un} ∪ {v1, v2, . . . , vn} (taken in
clockwise) and E(Yn) = {ei : 1 ≤} {i ≤ n} ∪ {e′i : 1 ≤ i ≤ n} ∪ {eii : 1 ≤} {i ≤ n} where ei
is the edge vivi+1(1 ≤ i ≤ n−1), en is the edge vnv1 and e′i is the edge uiui+1(1 ≤ i ≤ n−1),
e′n is the edge unu1 and eii is the edge viui (1 ≤ i ≤ n).

For a given graph G = (V,E) we do an operation on G, by subdividing each edge exactly
once and joining all the non-adjacent vertices of G. The graph obtained by this process is
called central graph [9] of G denoted by C(G).

The line graph [2, 5] of a graph G, denoted by L(G), is a graph whose vertices are the
edges of G, and if uv ∈ E(G) then uv ∈ E(L(G)) if u and v share a vertex in G.

The middle graph [4] of a graph G, is defined with the vertex set V (G) ∪ E(G) where
two vertices are adjacent iff they are either adjacent edges of G or one is the vertex and
the other is an edge incident with it and it is denoted by M(G).

The total graph [2, 4, 5] of a graph G has vertex set V (G)∪E(G), and edges joining all
elements of this vertex set which are adjacent or incident in G and it is denoted by T (G).

Additional graph theory terminology used in this paper can be found in [2, 5].
In the following sections, we find the star chromatic number for the central graph of

prism graph C(Yn), line graph of prism graph L(Yn), middle graph of prism graph M(Yn)
and the total graph of prism graph T (Yn).

Definition 2.1. [3] A star coloring of G is a proper coloring such that the union of any
two color classes induces a forest whose components are stars.

Theorem 2.1. [6] If Cn is a cycle with n ≥ 3 vertices, then

χs(Cn) =

{
4 when n = 5

3 otherwise.

3. Star Coloring on Central Graph of Prism Graph

Theorem 3.1. If Yn is a prism graph with 2n vertices and 3n edges, then

χs(C(Yn)) = n+ 2 for n ≥ 3.

Proof. Let Yn be a prism graph with 2n vertices and 3n edges for n ≥ 3. By the definition
of central graph

V (C(Yn)) = V (Yn) ∪ E(Yn) = {vi : 1 ≤ i ≤ n} ∪ {ui : 1 ≤ i ≤ n} ∪
{
v′i : 1 ≤ i ≤ n

}
∪
{
u′i : 1 ≤ i ≤ n

}
∪ {wi : 1 ≤ i ≤ n} ,

where v′i, u
′
i and wi represents the edge ei, e

′
i and eii (1 ≤ i ≤ n) respectively.

Define the mapping σ : V (C(Yn))→ ci, 1 ≤ i ≤ n+ 2 as follows:

• σ(ui) = σ(vi) = ci, 1 ≤ i ≤ n.
• σ(wi) = cn+1, 1 ≤ i ≤ n.
• σ(v′i+1) = ci, 1 ≤ i ≤ n− 1 and σ(v′1) = cn.
• σ(u′i) = cn+2, 1 ≤ i ≤ n.

The mapping σ is shown as a proper star coloring by discussing the following cases:
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Case 1: Consider the colors ci and cj , where 1 ≤ i < j ≤ n. The color class of ci
is {vi, ui} and that of cj is {vj , uj}. The induced subgraphs of these color classes
are star graphs and isolated vertices.

Case 2: Consider the colors ci, 1 ≤ i ≤ n and cn+1. The color class of ci is {vi, ui}
for 1 ≤ i ≤ n and that of cn+1 is {wi : 1 ≤ i ≤ n}. The union of above said color
classes induce a forest whose components are star graphs.

Case 3: Consider the colors ci, 1 ≤ i ≤ n and cn+2. The color class of ci is {v′i, vi, ui}
for 1 ≤ i ≤ n and that of cn+2 is {u′i : 1 ≤ i ≤ n}. The union of above said color
classes induce a forest (the induced sugraphs are acyclic) whose components are
star graphs.

Case 4: Consider the colors cn+1 and cn+2. The color class of cn+1 is {wi : 1 ≤ i ≤ n}
and that of cn+2 is {u′i : 1 ≤ i ≤ n}. The induced subgraphs of these color classes
are K1 complete graphs, there exists no bicolored paths.

By definition 2.1, the above said mapping σ is a proper star coloring.
Hence, χs(C(Yn)) = n+ 2, ∀n ≥ 3. �

4. Star Coloring on Line Graph of Prism Graph

Theorem 4.1. Let n ≥ 3 be a positive integer, then

χs(L(Yn)) =

{
7 if n = 5

6 otherwise.

Proof. By the definition of the line graph,

V (L(Yn)) = E(Yn) =
{
v′i : 1 ≤ i ≤ n

}
∪
{
u′i : 1 ≤ i ≤ n

}
∪ {wi : 1 ≤ i ≤ n} ,

where v′i ,u′i and wi represents the edge ei, e
′
i and eii (1 ≤ i ≤ n) respectively.

Case 1: When n = 5
Define the mapping σ : V (L(Yn))→ ci, 1 ≤ i ≤ 7 as follows:
• σ(wi) = {c1c2c3c2c3} , 1 ≤ i ≤ 5
• σ(u′i) = σ(v′i) = {c4c5c6c7c5} , 1 ≤ i ≤ 5

Thus, χs(L(Yn)) = 7, n = 5.
Suppose to the contrary χs(L(Yn)) < 7, say 6. Then the vertices u′4 and v′4

should be colored with one of the existing colors {c1, c2, c3} which results in bi-
colored paths on four vertices, else the vertices u′i and v′i are colored {c4, c5, c6},
a contradiction to theorem 2.1 (since u′i and v′i form cycles with 5 vertices each).
Hence, the mapping σ is a proper star coloring and χs(L(Yn)) = 7.

Case 2: When n 6= 5
Define the mapping σ : V (L(Yn))→ ci, 1 ≤ i ≤ 6 and as follows:
• For 1 ≤ i ≤ n, σ(wi) = {c1c2c3 c1c2c3 . . . c1c2c3}, and
σ(u′i) = σ(v′i) = {c4c5c6 c4c5c6 . . . c4c5c6} if n ≡ 0 mod 3.
• For 1 ≤ i ≤ n, σ(wi) = {c1c2c3 c1c2c3 . . . c1c2c3 c2}, and
σ(u′i) = σ(v′i) = {c4c5c6 c4c5c6 . . . c4c5c6 c5} if n ≡ 1 mod 3.
• For 1 ≤ i ≤ n, σ(wi) = {c1c2c3 c1c2c3 . . . c1c2c3 c1c2}, and
σ(u′i) = σ(v′i) = {c4c5c6 c4c5 c4c5c6 . . . c4c5c6} if n ≡ 2 mod 3.

Thus, χs(L(Yn)) = 6 for n 6= 5.

Suppose to the contrary χs(L(Yn)) < 6, say 5. The vertices u′i and v′i are colored with
{c4, c5}, a contradiction to theorem 2.1 (since u′i and v′i form cycles with 5 vertices each)
and assigning one of the existing colors {c1, c2, c3} to u′i and v′i instead of c6 results in
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bicolored paths. Hence, the mapping σ is a proper star coloring and χs(L(Yn)) = 6 for
n 6= 5. �

5. Star Coloring on Middle Graph of Prism Graph

Theorem 5.1. Let n ≥ 3 be a positive integer, then

χs(M(Yn)) =

{
8 if n = 5

7 otherwise.

Proof. By the definition of middle graph

V (M(Yn)) = V (Yn) ∪ E(Yn) = {vi : 1 ≤ i ≤ n} ∪ {ui : 1 ≤ i ≤ n} ∪
{
v′i : 1 ≤ i ≤ n

}
∪
{
u′i : 1 ≤ i ≤ n

}
∪ {wi : 1 ≤ i ≤ n} ,

where v′i ,u′i and wi represents the edge ei, e
′
i and eii (1 ≤ i ≤ n) respectively.

Case 1: When n = 5
Define the mapping σ : V (M(Yn))→ ci, 1 ≤ i ≤ 8 as follows:
• σ(ui) = σ(vi) = c1 for 1 ≤ i ≤ 5
• σ(wi) = {c2c3c4c2c3} , 1 ≤ i ≤ 5
• σ(u′i) = σ(v′i) = {c5c6c7c8} , 1 ≤ i ≤ 5.
That is, χs(M(Yn)) = 8, n = 5.
Suppose to the contrary χs(M(Yn)) < 8, say 7. Then, the vertices u′i and v′i

are colored with {c5, c6, c7}, a contradiction to theorem 2.1 (since u′i and v′i form
cycles with 5 vertices each) and assigning one of the existing colors {c1, c2, c3, c4}
instead of c8 to u′i and v′i results in bicolored paths on four vertices. Hence,
χs(M(Yn)) = 8 for n = 5.

Case 2: When n 6= 5
Define the mapping σ : V (M(yn))→ ci, 1 ≤ i ≤ 7 as follows:
• For 1 ≤ i ≤ n, σ(ui) = σ(vi) = c1.
• For 1 ≤ i ≤ n, σ(wi) = {c2c3c4. c2c3c4 . . . c2c3c4}
• σ(u′i) = σ(v′i) = {c5c6c7 c5c6c7 . . . c5c6c7} if n ≡ 0 mod 3 for 1 ≤ i ≤ n.
• σ(u′i) = σ(v′i) = {c5c6c7 c5c6c7 . . . c5c6c7 c6} if n ≡ 1 mod 3 for 1 ≤ i ≤ n.
• For 1 ≤ i ≤ n, σ(u′i) = σ(v′i) = {c5c6c7 c5c6 . . . c5c6c7 c5c6c7} if
n ≡ 2 mod 3.

Thus, χs(M(Yn)) = 7, n 6= 5.

Suppose to the contrary χs(M(Yn)) < 7, say 6. Then, the vertices u′i and v′i are colored
with {c5, c6}, a contradiction to theorem 2.1 (since u′i and v′i form cycles with n vertices
each) and assigning one of the existing colors {c1, c2, c3, c4} to u′i and v′i instead of c7
results in bicolored paths on four vertices. Hence, χs(M(Yn)) = 7 for n 6= 5. �

6. Star Coloring on Total Graph of Prism Graph

Theorem 6.1. Let Yn be a prism graph with 2n vertices and 3n edges then for n ≥ 3,

χs(T (Yn)) = 3n.

Proof. By the definition of total graph

V (T (Yn)) = V (Yn) ∪ E(Yn) = {vi : 1 ≤ i ≤ n} ∪ {ui : 1 ≤ i ≤ n} ∪
{
v′i : 1 ≤ i ≤ n

}
∪
{
u′i : 1 ≤ i ≤ n

}
∪ {wi : 1 ≤ i ≤ n}
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where v′i ,u′i and wi represents the edge ei, e
′
i and eii (1 ≤ i ≤ n) respectively.

Define the mapping σ : V (T (Yn))→ ci, 1 ≤ i ≤ 3n as follows:

• σ(vi) = ci, 1 ≤ i ≤ n.
• σ(u′i) = ci−1, 2 ≤ i ≤ n and σ(u′1) = cn.
• σ(wi) = cn+i, 1 ≤ i ≤ n.
• σ(v′i) = cn+i−1, 2 ≤ i ≤ n and σ(v′1) = c2n.
• σ(ui) = c2n+i, 1 ≤ i ≤ n.

The mapping σ is showed as a proper star coloring, by discussing the following cases:

Case 1: Consider the colors ci and cj , 1 ≤ i < j ≤ n. The color class of ci is

{vi, u′i : 1 ≤ i ≤ n} and that of cj is
{
vj , u

′
j : 1 ≤ j ≤ n

}
. The induced subgraph

of these color classes result in star graphs and isolated vertices.
Case 2: Consider the colors ci and cn+i, 1 ≤ i ≤ n. The color class of ci is got

as {vi, u′i : 1 ≤} {i ≤ n} and that of cn+i is {wi, v
′
i : 1 ≤ i ≤ n}. The induced sub-

graphs of these color classes result in forest whose components are star graphs.
Case 3: Consider the colors cn+i and c2n+i, 1 ≤ i ≤ n. The color class of cn+i

is {wi, v
′
i : 1 ≤ i ≤ n} and that of c2n+i is {ui : 1 ≤ i ≤ n}. Clearly the induced

subgraphs of these color classes result in forest whose components are star graphs.
Case 4: Consider the colors ci and c2n+i, 1 ≤ i ≤ n. The color class of ci is obtained

as {vi, u′i : 1 ≤ i ≤ n} and that of c2n+i is {ui : 1 ≤ i ≤ n}. The components of
induced subgraphs of these color classes are K1 and K1,2, that is, forest with
components as star graphs.

By the definition 2.1, the above said mapping σ is a proper star coloring.
Hence, χs(T (Yn)) = 3n for all n ≥ 3. �
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